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. The experimental analysis of angular correlations
allows to determine a set of eective couplings: the electric and
weak dipole moments of the muon and the tau lepton, and in par-
ticular chirality conserving 4-particle couplings, all of which can be
induced by CP{violation in renormalizable theories of electroweak
interactions beyond the Standard Model. We update an indirect
bound on the weak dipole moment of the muon.
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1 Introduction
The search for CP violation in Z boson decays provides an interesting tool to
investigate possible new physics beyond the Standard Model. Several proposals









, qq; qq, qqG, where ` = e; ;  leptons, q = u,d,s,c,b quarks, and G
= gluon (cf.[1]{[12] and references therein). CP{violating eects in the above
reactions can be parametrized by form factors, among them the well known
electric and weak dipole moments of quarks and leptons, or one can use the
eective Lagrangian approach. Experimental investigations of CP{odd eects
in Z decays have been performed resulting in upper limits on the weak dipole
moment of the  lepton [13]{[15] and on a CP violation parameter in Z! b

bG
[16]. An \indirect" limit on the  electric dipole moment was given in [17].
Today, a large number of Z bosons has been produced in electron{positron
collisions both at LEP (CERN) and at SLC (SLAC). Thus investigations of
relatively rare events like radiative three{body decays are possible. In this
article we investigate in detail the unpolarized electron{positron annihilation


















) + (q); (` = ; ): (1)
Within the framework of the Standard Model (SM), CP violation in these
leptonic reactions occurs only at higher orders in perturbation theory, leading
to unobservably small eects. However, interactions beyond the SM such as
the exchange of virtual photinos or other neutralinos, neutral Higgs bosons,
excited leptons, or leptoquarks, can induce CP{violating contributions to the
interaction of leptons and gauge bosons. A calculation of the dipole form
factors of the  lepton in several extensions of the SM can be found in [18].
Most of these models have in common that they lead to CP{violating eective
couplings, typically generated at one{loop level, which are are not avour{
universal but can grow substantially with the mass of the quarks and leptons
involved.
In the following section a model{independent parametrization of CP{odd
couplings relevant for the reactions (1) is discussed. Then we propose some
easily measurable CP{odd momentum correlations which are optimized to ex-
tract information on these couplings from the data. In sections 4 and 5 we











2 Eective Lagrangian approach
In order to describe in a model{independent way possible CP{violating eects
we use an eective Lagrangian with CP{odd operators of mass dimensions
d > 4. Restricting ourselves to d  6 (after symmetry breaking!), the operators






















































































are the electric dipole moment (EDM) and weak dipole moment





pling constants corresponding to CP{violating Z{photon{lepton 4-particle ver-





The authors of Ref. [11] have given a form factor decomposition for reactions
of the type (1). In such a framework our couplings in (2) correspond in essence
to the CP{violating form factors with minimal momentum dependence.






































































where ` = ;  and Q
`
=  1, and e
2
=(4) is the ne structure constant. We use
m
Z




= 0:23 for the numerics. We work to leading order
in the CP{violating couplings of L
CP
and in the couplings of the SM. Then
the parameters in the eective Lagrangian are identical to the corresponding
form factors, and imaginary parts of the form factors are absent. This point





























s. We note that in a pure form factor approach
















 are not directly
related. Such a relation is only achieved after making an assumption for the o{
shell dependence of the dipole moment form factors. On the other hand, in the
eective Lagrangian approach there is no problem to relate the parameters of
the above two reactions in leading order. Also in higher orders it is in principle
straightforward to work out this relation (cf. [12] for further remarks).
















 taking into account the SM diagrams (one is shown in
Fig. 1a) and the diagrams induced by the couplings of L
CP
(Figs. 1b,c,d).
Neglecting radiative decays with more than one  the sum of the two channels
















is the SM width and  
CP
is of second order in the CP-violating
couplings of L
CP
. We use this calculation to make an indirect estimate of the
order of magnitude which is allowed for the CP{violating parameters in L
CP




which include all radiative events
1





















X 83.72  0.26 MeV 83.97  0.01  0.06 MeV 0.27 MeV









X (cf. [19, 20]).
We dene values  
exp


















In principle a combined estimate of the four CP{violation parameters of (2)
for each lepton ` is possible by ascribing to them any deviation from the width




. However, this would
1
We thank N. Wermes and M. Wunsch for providing information concerning this point.
3
ignore the possibility of other non{standard but CP{conserving eects to the
widths which can lead to an increase or decrease of the widths as compared
to the SM. Thus such a procedure only gives an order of magnitude estimate
of the values allowed for the couplings in L
CP
. We give a simplied estimate

























is suppressed by a factor of 
ew
in the electroweak perturbation series. Thus
the leading terms in  
CP
; calculated without phase space cuts and neglecting












































 0:042 MeV: (10)













by requiring the theoretical


































negative. Correspondingly the 1 s.d. values  
1s:d:
exp













obtained from (11, 12) at 1 s.d. are then not to be trusted. As
explained above, we should consider (11, 12) not as strict inequalities but only
as indications for the order of magnitude which is possible for the CP{violating




at least of the order of the combined experimental and theoretical errors given
in the last column of Tab. 1.

















































This type of reasoning to obtain limits for the dipole moments was frequently





in (13) updates the one given in [4].
For the WDM of the  lepton it is not necessary to rely on indirect limits
since experimental limits exist, obtained from direct CP violation searches. We
quote the latest result for jRed
Z













j < 0:007 or jRed
Z

j < 3:6  10
 18
ecm: (15)
Estimates of the EDMs which contribute at tree level to radiative events
only (see Fig. 1) can be given in a similar way by exploiting the experimentally





). An upper limit was given for the  EDM in [22]. Using the Z decay
data collected up to now it will be possible to update that value. The EDM of







j < 0:0019 [20]. (Again,
we can identify the on-shell EDM with the corresponding coupling parameter
in (2) for our purposes.) The momentum correlations proposed in the following















The calculation of the dierential cross section shows that it is convenient



















































=  1=2 are the usual neutral













is related to vector observables. Thus, with ap-
propriate observables these couplings can easily be determined independently.
3 Observables




beams in the reactions
(1). Then the initial state is described in the c.m. system by a CP{invariant
density matrix (CP tests with longitudinally polarized beams have been dis-
cussed in [18, 23]). Furthermore we assume that the experimental phase space
cuts and the momentum reconstruction methods do not introduce a CP bias.





The task is now to construct a set of momentum correlations whose distribu-
tions are sensitive to the couplings dened in L
CP
with a reasonable statistical


















separately by setting the other three to zero. Then the linear con-
tribution to the mean value of a given observable, together with the width of
its distribution, yields an estimate of the statistical accuracy with which this
coupling can be measured.











in the Z rest frame which is to a good approximation the laboratory




 with subsequent one{
prong  decays which are the most frequent ones (about 85 %), the measurable





, and the photon momentum q. Using these momenta one can
construct many CP-odd observables. We have calculated the signal{to{noise








































Here hats denote unit momenta, and p
+
is the initial positron momentum vec-
tor. With respect to the nal state momenta T is a component of a tensor
and V a component of a vector observable. These correlations involve neither

















pair. The  momenta usually can-
not be fully reconstructed from the observed decay products and the  decay
vertex information. But the observation of the photon should be sucient to




center of mass frame.























. The mean values of CP{odd observables such as T and V dened
above are in general not purely linear functions of the g
i`
since the normalization
introduces a denominator with quadratic contributions in the g
i`
's. The second
order terms certainly are negligible if the couplings are small. For practical
purposes it might be useful to consider observables which get linear contribu-
tions only. These can easily be obtained by multiplying any of the momentum





for the phase space region, i.e. the cuts considered. In this way one con-


















are proportionality constants which can be calculated numerically, and
O denotes any CP{odd observable which does not depend on the unknown
couplings.
In order to get an impression about the quality of the observables intro-
duced above we also investigate for the couplings g
i`
the corresponding optimal
observables which have the greatest possible statistical signal{to{noise ratio.
For a single coupling this method was introduced in [24, 25]. The generaliza-
tion to an arbitrary number of new couplings was given in [26] (cf. also [27]).

























Here  stands collectively for the phase space variables, d
SM
denotes the CP{




tions due to the interference of the CP{odd interactions of L
CP
with the SM











; (1  i  4) (20)
are the observables with optimal statistical sensitivity for a joint measurement
of the couplings assuming that the couplings which shall be measured are small.
The observables O
i
(20) are optimal for arbitrary phase space cuts. Their
sensitivity, however, depends on the cuts.




 one can easily measure the momenta of all


















Due to the energy{momentum conservation constraint the phase space is 5{
dimensional. Identication of a photon requires some isolation cuts. For our





















y is chosen to be 0:03.







































) + neutrals; (a; b = ; ; e; )
we assume integration over the phase space variables of the neutrals. We are


















Of course, these momenta are not totally independent. Energy{momentum
conservation in production and in the decays imposes well known constraints.
Depending on the decay channels (24) the phase space is 9 to 11 dimensional.
For our analysis below we assume again the isolation cuts (22) for the momenta




. In practice the complete in-
formation on the 

momenta may not always be available. We will, therefore,
discuss the optimal observables for the ideal case where the 

momenta can
be reconstructed. This then gives the ideal sensitivities. On the other hand,














momenta. Obviously, with partial information on the 

momenta one can
then reach sensitivities in between.
From (20) we get as many optimal observables as we have parameters. Of
course, in general the expectation values hO
i
i will get linear contributions from
all four parameters in leading order. We have investigated the matrix describing
this dependence of the mean values of observables on the parameters. For the
optimal observables this is in leading order identical to the correlation matrix
of the O
i
(cf.[26]). We found that these correlations are either negligible, or
the couplings contributing are bounded by independent experiments. In the
following we therefore conne ourselves to discuss the diagonal elements of the
covariance matrix. We calculated numerically the mean values and the widths
of the O
i
and got in this way for a given number of events the statistical
accuracy with which each of the unknown parameters can be measured ideally,
assuming that all other new couplings are zero. For a numerical evaluation it is
not necessary to have the O
i




for the reactions (1) which takes into account the eects of L
CP
.
Since the optimal observables are composed from terms of the dierential cross
section, one can easily generate them numerically with a Monte Carlo method.
The knowledge of the optimal observables is interesting by itself, and useful
for deriving simpler correlations which are approximately optimal. In most
cases we found such observables which presumably are preferable for an exper-
imental analysis.














: For the CP tests proposed here it is sucient to measure the




. Using these one can calculate the mean values





; allowing a clean determination of this parameter.









: As expected, the vector correlation is slightly less sensitive than the
tensor observable, due to the smallness of the vector polarization of the Z boson.
The contribution of the weak dipole moment to V is negligible: in order to cause
a measurable eect it would have to be three orders of magnitude bigger than




can be measured practically
without contamination by other CP{violating sources using the observable V
of (17).
We also investigated the correlation of a measurement of our parameters





does not contribute to

















) and three observables O
i
(cf. (20)). Working always










































with subsequent  decays are available from the authors.
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Recall that for optimal observables the covariance matrix V (g
0
) of the estimated
couplings is the inverse of the number of events times the covariance matrix of








Thus a diagonal c
0
ensures a diagonal V (g
0
). We conclude from (29) that also
for optimal observables the correlations are negligible. For a general discus-
sion of diagonalization procedures in the estimation of more than one coupling
parameter we refer to [27].
From the above we nd that we have to consider for any of our observables
O = T; V or an optimal one only a dependence on one coupling parameter.
Calling it generically g we get in linear approximation
hOi = c  g: (31)
The 1 s.d. accuracy obtainable for a determination of g by a measurement















is the variance of O, calculated in the SM, and N is the number
of events within the cuts considered.
In Tab. 3 we summarize the statistical accuracies g of (32) with which















 events within the cut (22). The numbers in Tab. 3 represent
10
the minimal sizes of the couplings which lead to visible eects at 1 s.d., or,
if no deviation from the CP symmetry is found, g is the 1 s.d. upper limit

















parameter space. These are depicted in Fig. 2, together
with the indirect bound (14) assuming zero mean values and a phase space cut






















































































optimal observable 0.195 0.423 92.5
T 0.238
V 0.523 101


















the cut (22). Missing entries correspond to a vanishing sensitivity (g =1).




is in practice not possible [2] since the direction of ight of the muons carries
no CP{odd information, and the spin analyzing muon decays usually escape
detection. Nevertheless, this reaction should be useful to study possible detec-
tor eects which may feign non{zero mean values or asymmetric distributions
of the correlations (17).
11









 follow a somewhat
dierent line: The  momenta can not (yet) be measured directly. Instead we
use the momenta of the charged decay products of the  leptons to build the









rest frame. As explained in Sect. 3 we assume, however, knowledge
of the 

momenta for the optimal observables.






















) (` = e; ): (35)
For these decays the SM matrix elements are assumed.
In Tables 4,5 we collect the upper limits on the CP{odd couplings which can





. The numbers N of events for the various channels correspond






 events within the cut (22).



















from zero and quote g calculated according to (31, 32) for the observable
indicated. The measurement of the dipole moments relies essentially on the
analysis of the  spins. The momentum distribution of the nal state particles
depends on the  polarization. For instance, the 
+
in the reaction (33) is
emitted preferentially opposite to the 
+
spin direction, if we consider the
decay in the 
+





we use project on the CP{asymmetric part of the spin-spin-correlation of the











, however, can be measured with an accuracy of the order of
10
 17






 decays are available. The obvious gap
between the sensitivities of the optimal observables and the simple correlations
originates from the fact that the optimal observables as we calculate them
work with the knowledge of the  momentum. At least for the measurement
of the electric dipole moment this seems to be a basic ingredient. Since a
measurement of the EDM and WDM is based on the  -spin information, we
observe a rather strong dependence of the sensitivities in Tab. 4 on the  -decay










can be determined with an accuracy of 1 s.d. when
they are of the order of about 0.5 (Tab. 5), given the assumed number of events.
Here it should be advantageous to use the observables T and V which get only
tiny contributions from the dipole moments of the tau lepton. These results are
comparable to the muon case (Tab. 3). It is worth noting that the sensitivities


























    100 0.40 91 59 8.4 5.0 0.054 0.83 8.3 0.077 0.67
    400 0.41 67 41 13 3.2 0.038 0.63 38 0.051 1.8
   400 0.85 150 83 42 5.9 0.070 1.3 28 0.092 44
`  ` 800 0.41 74 51 14 4.8 0.044 0.73 12 0.063 0.63
`   600 0.26 120 95 7.5 17 0.030 0.98 3.4 0.140 0.46
`   1200 1.5 1400 810 53 40 0.13 38 23 0.91 4.3
combined 0.17 40 26 4.8 2.2 0.018 0.37 3.0 0.032 0.32


























    100 0.61 1.7 7.1 104 45 1.1 3.4 3.7 36 31
    400 0.53 0.85 5.9 59 32 0.88 2.9 1.9 38 36
   400 0.70 0.88 17 60 57 1.3 8.6 2.0 46 68
`  ` 800 0.48 0.60 4.8 29 62 0.87 2.2 1.4 22 34
`   600 0.39 0.66 7.2 20 700 0.68 3.2 1.5 23 140
`   1200 1.4 1.7 130 74 340 2.5 64 3.8 190 1200
combined 0.23 0.34 3.0 15 22 0.4 1.4 0.78 13 18









for a given number N of events in various  decay modes
6 Conclusions




 (` = ; )
with respect to the possibility of performing tests of the CP symmetry. The















. For the muon case
the EDM does not contribute to CP-odd correlations in Z decays to leading





can be bounded by the
limits obtained in the direct search for an EDM of the muon. On the other
hand, the radiative Z decays oer the possibility to measure the muon's WDM








. The accuracies obtainable with a realistic
number of events are collected in Tab. 3.









































decays. Radiative Z decays oer the possibility to perform a true measurement










































= 0:17 or 2.2 in Tab. 4 using the optimal
observable or V














 decays and can be measured with accuracies of order 0.5 with the
number of events given in Tab. 5.
An investigation of radiative Z decays can thus give information of CP-odd
coupling parameters of leptons which is complementary to the one obtainable
from other sources. We have found that for the observables and cuts we con-
sidered correlations between the CP{odd coupling parameters are negligible.
Thus we investigated each coupling parameter separately. In an analysis of
real experimental data other cuts may be used and smearing due to detec-
tor eects will play a role. One will again be confronted with the question



















simultaneously for each lepton `. It should then be
advantageous to use couplings and observables which give diagonal covariance
matrices. The general methods to achieve this which are explained in [27] can
easily be adapted for our case here.





 in the phase space region where the photon is \hard". Any new
eects in lepton physics, like substructures or excited leptons, could lead to
contact interactions between Z; ` and . These should best show up in \hard"
3-body decays, i.e. in regions of phase space where the photon has high energy




. There the SM contribution is relatively















as function of the cut parameter y (22) should already be revealing. As an







are dierent from zero. To a very good approximation








































































= 1 will lead to deviations


























plotted in Fig. 4 (dashed line) shows that the absolute contribution of CP{
odd parameters to the width decreases rapidly for increasing values of the cut










) is the addition to the width for cut parameter
y = 0 as given in (10).
The calculations reported in this article required a considerable amount
of symbolic and numerical computation. We used the new programming lan-
guageM [28] for the symbolic manipulations including the expansion of traces of
Dirac{matrices, simplication of the resulting large expressions, and generation
of optimized Fortran program code. The numerical phase space integrations
(with dimensions up to 11) were done with the Fortran routine VEGAS. The
programs which we used as well as Monte Carlo event generators for the reac-
tions discussed in this article can be obtained from the authors (World Wide
Web address: http://www.thphys.uni-heidelberg/~ overmann).
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a) One of the lowest order Standard Model diagrams























obtainable ideally from the mea-
surement of the correlations T; V from Tab. 3 (stripes) and from the contribu-




 events and zero
mean values.
Figure 3








for dierent values of







for y = 0:03.
Figure 4










) (solid line) as given in (38,39), and the ratio
r(y) (dashed line) dened in (40) as function of the cut parameter y (22).
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